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ABSTRACT. In algebraic geometry, theorems of Kiironya and Lozovanu char-
acterize the ampleness and the nefness of a Cartier divisor on a projective
variety in terms of the shapes of its associated Okounkov bodies. We prove
the analogous result in the context of Arakelov geometry, showing that the
arithmetic ampleness and nefness of an adelic R-Cartier divisor D are deter-
mined by arithmetic Okounkov bodies in the sense of Boucksom and Chen.
Our main results generalize to arbitrary projective varieties criteria for the
positivity of toric metrized R-divisors on toric varieties established by Burgos
Gil, Moriwaki, Philippon and Sombra. As an application, we show that the
absolute minimum of D coincides with the infimum of the Boucksom-Chen
concave transform, and we prove a converse to the arithmetic Hilbert-Samuel
theorem under mild positivity assumptions. We also establish new criteria for
the existence of generic nets of small points and subvarieties.
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1. INTRODUCTION

The theory of Okounkov bodies, developed independently by Lazarsfeld and
Mustatd [LM09] and by Kaveh and Khovanskii [KK12], builds on earlier work
of Okounkov to establish a connection between algebraic geometry and convex
geometry outside of the toric framework. Let D be a big Cartier divisor on a
smooth projective variety X over an algebraically closed field. Given a valuation
of maximal rank v on the field of rational functions Rat(X), the Okounkov body
of D with respect to v is the convex set A, (D) C R¥™X defined as the closure of

{v(s)/n | n>1, seT(X,nD)*}

for the Euclidean topology, where I'(X,nD)* denotes the space of non-zero global
sections of Ox (nD). This construction can be considered as a generalization of the
rational polytope determined by a toric divisor on a smooth toric variety [LMO09,
§ 6.1]. Since their introduction, Okounkov bodies have attracted a lot of attention
and it has been an active topic of research to describe which geometric properties
and invariants of the pair (X, D) they encode. It turned out that many aspects of
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the “toric dictionary” describing the geometry of toric varieties in combinatorial
terms can be extended to all smooth projective varieties by using Okounkov bodies.
Among the numerous efforts on this topic, Kiironya and Lozovanu studied in depth
the relations between the positivity of D and its associated Okounkov bodies. They
established remarkable characterizations for the nefness and the ampleness of D in
terms of the shapes of the sets A, (D), when v varies in suitable families of valu-
ations [KL17a, KL17b]. Although Kiironya and Lozovanu worked in characteristic
zero, these characterizations where recently generalized in arbitrary characteristic
by Park and Shin [PS21, Theorem 1.1].

Arakelov theory is a powerful approach to Diophantine geometry, that develops
arithmetic analogues of tools from algebraic geometry to tackle deep problems in
number theory. It allows to study the arithmetico-geometric properties of a pro-
jective variety X defined over a number field (or more generally, a global field) by
looking at its adelic Cartier divisors D, which are usual Cartier divisors equipped
with a suitable collection of metrics. In [BGPS14], Burgos Gil, Philippon and Som-
bra started a program relating the arithmetic geometry of toric varieties to convex
analysis, providing an arithmetic analogue of the toric dictionary in the context
of Arakelov geometry. In joint work with Moriwaki [BGMPS16], they established
criteria based on convex analysis for the positivity of toric adelic R-Cartier divisors
on toric varieties (such as arithmetic nefness and arithmetic ampleness in the sense
of Zhang [Zha95a]). Arithmetic analogues of the notion of Okounkov bodies were
introduced independently by Yuan [Yua09] and by Boucksom and Chen [BC11] in
the context of Arakelov geometry!. Given an adelic Cartier divisor D on a projec-
tive variety X over a number field K, arithmetic Okounkov bodies are known to
encode the following fundamental invariants, under suitable mild assumptions: the
arithmetic volume of D ([Yua09, Theorem A], [BC11, Theorem 2.8]), the height
hi(X) of X with respect to D ([BC11, Theorems 3.1 and 3.7]), and the essential

minimum of the height function ﬁﬁz X(K) — R associated to D ([Bal21a, Corol-
lary 1.7]). In analogy with the geometric situation and in view of the results of
Burgos Gil, Moriwaki, Philippon and Sombra in the toric case, it is natural to ex-
pect that arithmetic Okounkov bodies encode arithmetic ampleness and nefness of
adelic Cartier divisors on non-necessarily toric projective varieties. The main goal
of the present paper is to show that this is indeed the case. Our main results are
analogues of the aforementioned theorems of Kiironya and Lozovanu in the context
of Arakelov geometry (see Theorems 1.3 and 1.4 below). In subsections 1.2 and
1.3, we give some applications towards the arithmetic Hilbert-Samuel theorem and
new criteria for the existence of generic nets of small points and subvarieties.

1.1. Main results. Let X be a normal and geometrically integral projective va-
riety of dimension d > 1 over a global field K, and let K be an algebraic closure
of K. An adelic R-Cartier divisor on X is a pair D = (D, (gy)vex, ) consisting of
an R-Cartier divisor and a suitable collection (g,)yes, of D-Green functions on
the analytifications X" of X, when v varies among the places of K (see Definition
2.1). The notion of adelic R-Cartier divisors is due to Moriwaki [Morl6], and gen-
eralizes the one of adelic line bundles in the sense of Zhang [Zha95b]. Let v be a
valuation of maximal rank on Rat(X) (see Definition 4.1). Assuming that D is
big, Boucksom and Chen [BC11] defined a concave function

Gp.,: Au(D) 5 RU {—o0}

1Although the constructions of Yuan and of Boucksom and Chen are closely related, they
do not coincide in general (see [BC11, § 4.3]). In this text, we focus on Boucksom and Chen’s
definition.
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called the concave transform of D with respect to v, which encodes important
information on the arithmetic of the graded linear series @, . I'(X,nD) (see § 4.2).
Following [BC11, Definition 2.7], we define the arithmetic Okounkov body of D with
respect to v as

A, (D) ={(a,t) € A,(D) x Ry | Gp5,(a) > 1}.

It is a compact convex subset of R4t In subsection 4.4, we will extend the
definition of Au(ﬁ) to include the case when D is not big, by using limits of
arithmetic Okounkov bodies in the above sense. -

A key notion to study the positivity of an adelic R-Cartier divisor D € Div(X)g
is its associated height function ﬁﬁz X(K) — R, which measures the arithmetic
complexity of closed points on X and also plays a fundamental role in applications
of Arakelov theory to Diophantine geometry. The central result of this paper gives
a lower bound for the height of points in terms of Boucksom and Chen’s concave
transform.

Theorem 1.1 (Theorem 5.1). Let x € X5 be a closed point, and let v be a valuation
of mazimal rank on Rat(Xs) centered at x. For any adelic R-Cartier divisor
D = (D, (gv)vesy) such that D is nef, we have Oga € A, (D) and

h5(x) > Gp, (Oga).

Roughly speaking, at least when D is big one can think of the quantity GE’V(OW)
as a measure of the arithmetic “size” of global sections of multiples of D with
arbitrarily small valuation. The key new ingredient in the proof of Theorem 1.1
is a lower bound for the height of x in terms of the order of vanishing of a small
section at x, that we shall outline at the end of this introduction (§ 1.4). As an
application of Theorem 1.1, we obtain new expressions for the absolute minimum
of D, defined as (aps(D) = inf_c v (%) Eﬁ(x). We denote by V(X73) the set of
valuations of maximal rank on Rat(X%).

Corollary 1.2 (Corollary 5.5). Let D = (D, (gy)vesy) € ]SR/(X)R be a semi-
positive adelic R-Cartier divisor. Then we have

abs E = inf G* 0 ,

Cabs(D) stk 5, (ORa)
where the infimum is over all valuations of maximal rank on Rat(X3). Moreover,
if D is big then

Cabs(ﬁ) = aegjll,f(D) Gﬁ,v(a)

for any v € V(X).

The lower bounds for (aps(D) given in Corollary 1.2 are straightforward conse-
quences of Theorem 1.1, together with the fact that the infimum of the concave
transform does not depend on the choice of the valuation when D is big (see Lemma
4.6). The upper bounds follow from Zhang’s arithmetic Nakai-Moishezon theorem
(Theorem 2.10). We mention that Corollary 1.2 remains valid when V(X%) is re-
placed by any subset of valuations of maximal rank whose centers cover X+ (see
Corollary 5.5 for a precise statement). The second equality of Corollary 1.2 is
a counterpart to [Bal2la, Corollary 1.3], where it was shown that the maximum
of G5, coincides with the essential minimum of the height function EB' These
results give an affirmative answer to a question of Burgos Gil, Philippon and Som-
bra [BGPS15, Remark 3.15], and open new approaches to study the absolute and
essential minima through convex analysis.
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We now present straightforward consequences of Theorem 1.1 and Corollary
1.2 that relate arithmetic positivity to arithmetic Okounkov bodies. Following
[Mor16, BGMPS16], we say that D is nef if it is semi-positive and if (ups(D) > 0.
The following result is a counterpart to [KL17a, Theorem A] in the context of
Arakelov geometry.

Theorem 1.3 (Corollary 5.3). Let D € ]SE(X)R be a semi-positive adelic R-
Cartier divisor. The following assertions are equivalent:
(1) D is nef;
(2) for every v € V(X%), we have Ogar1 € A,(D);
(3) for every closed point v € X3, there exists a valuation of mazimal rank
v € V(X3) centered at x € X such that Ogat+r € A, (D).

We now turn to characterizations of arithmetic ampleness (see Definition 2.6).
In view of the arithmetic Nakai-Moishezon theorem of Zhang (see Theorem 2.10),
it follows from Corollary 1.2 that a semi-positive adelic R-Cartier divisor D =
(D, (gv)vesy) is ample if and only if the underlying divisor D is (geometrically)
ample and the concave transform Gﬁ,u has a positive lower bound for some choice
of v € V(X%) (see Corollary 5.6). By combining this result with characteriza-
tions of geometric ampleness due to Kiironya and Lozovanu and to Park and Shin
[KL17a, KL17b, PS21], we shall prove more intrinsic statements relating arithmetic
ampleness to the shapes of arithmetic Okounkov bodies. For example, we obtain
the following theorem when we focus on arithmetic Okounkov bodies ﬁf,. (D) de-

fined with respect to valuations arising from infinitesimal flags Y, (Example 4.3).

Given a real number A > 0, we denote by A;l the inverted standard simplex of
size A > 0 (see [PS21] and § 5.3.2).

Theorem 1.4 (Corollary 5.8). Assume that X is smooth, and let D € ISF/(X)R be
a semi-positive adelic R-Cartier divisor. The following assertions are equivalent:
(1) D is ample;
(2) there exists a real number X\ > 0 such that Ay x {\} C Ay (D) for every
infinitesimal flag Y. on X;
(3) there exists a real number X\ > 0 such that for every closed point v € X4,
there exists an infinitesimal flag Yo over x with A" x {\} C Ag, (D).

This statement is an analogue of [KL17a, Theorem B] in the context of Arakelov
geometry. We shall also prove a similar result concerning admissible flags (Corollary
5.7), that provides an arithmetic analogue to [KL17b, Corollary 3.2]. In the particu-
lar case where the pair (X, D) is toric and assuming that D is semi-positive, one can
recover the characterizations of arithmetic ampleness and nefness of [BGMPS16,
Theorem 2] from Theorems 1.3 and 1.4 (see Remark 5.9).

1.2. Application to the arithmetic Hilbert-Samuel theorem. Given an adelic
R-Cartier divisor D = (D, (g,)vesy ) € Div(X)g, we denote by

I[(X,D) = {s e T(X,D) | |sllvsup <1V v € Tk}

the set of small sections of D (see § 2.2). We let h°(X, D) = n#I'(X, D) if K is a
number field, and EO(X,ﬁ) = dim, I'(X, D) if K is the function field of a regular
projective curve over a field k. The arithmetic Hilbert-Samuel theorem asserts that
if D is nef, then for any N € f)R(X)R we have

(1.1) °(X,nD+N) = (};D_i)l())!ndﬂ + o(nt1h)
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when n > 1, where h(X) denotes the height of X with respect to D (see § 2.3).

o~

The identity (1.1) can be reformulated as \781(?) = h5(X), where vol(D) is the
arithmetic volume of D (see § 2.2 and Remark 6.2). When K is a number field, the
arithmetic Hilbert-Samuel theorem was originally proved by Gillet and Soulé as a
consequence of the arithmetic Riemann-Roch theorem, under the hypothesis that
D is an ample adelic Cartier divisor and that the metrics at the non-Archimedean
places are given by a global projective model over the ring of integers of K (see
[GS92, Theorems 8 and 9]). In the level of generality considered above, it was proved
by Moriwaki by using the continuity of arithmetic volumes (see [Mor09, Theorem
A], [Morl6, Theorem 5.3.2] and Theorem 2.8 infra). As a consequence of Theorem
1.1, we shall establish a converse to the arithmetic Hilbert-Samuel theorem, proving
that (1.1) is actually a criterion for nefness when D is semi-positive and D is big.

Theorem 1.5 (Corollary 6.1). Let D = (D, (gy)vesy) € ]SE(X)R be semi-positive.
If D is big, the following conditions are equivalent:

(1) ?\is nef;
(2) vol(D) = hg(ﬁ(\);
(3) for any N € Div(X)r, we have

~ S — h=(X
ho(X,nD + N) = (dD—£ 1))!71‘”1 + o(ndt1).

To our knowledge, this result was only known under the additional assumption
that d = 1 [Morl6, Theorem 7.3.1] or that (X, D) is toric [BGMPS16, Corollary
6.2] up to now. Theorem 1.5 is a direct consequence of Corollary 1.2 thanks to
fundamental formulae due to Boucksom and Chen relating arithmetic volumes to
the concave transform (see Theorem 4.7).

1.3. Application to generic nets of small points and subvarieties. Let D =
(D, (gv)vexk) € ]SRI(X)]R be a semi-positive R-Cartier divisor on X such that D
is big. By a theorem of Zhang [Zha95a, Theorem 5.2] (see Theorem 6.5 infra), we
have
hp(X)

(d+1)degp(X)

for any generic net of points (py,)m in X3 (see Definition 6.4). In their seminal
article [SUZ97], Spziro, Ullmo and Zhang pioneered the study of the limit distri-
bution of Galois orbits of a generic net of points for which equality occurs in (1.2).
Their work has proven to have remarkable applications towards the Bogolomov
conjecture, and has been widely generalized by many authors. We refer the reader
to [BGPRLS19, Introduction] for a more detailed introduction to this topic. These
results lead naturally to the following question: under which conditions does there
exist a generic net of points (py,)m in Xz such that equality holds in (1.2)? In
[Bal2la, Theorem 1.5], it was shown that such a net exists if and only if Gﬁy is

(12) lim his(pn) > hs(X) o=

constant for any valuation of maximal rank v € V(X3 ). Combining this result with
Corollary 1.2, we shall prove the following theorem.

Theorem 1.6 (Theorem 6.6). Let D = (D, (gy)vesy) € ]SE(X)R be semi-positive,
with D big. The following conditions are equivalent:

(1) there exists a generic net of points (pm)m in Xz such that
lim h(pm) = hpp (X);
(2) there exists a generic net of subvarieties (Y,)m in X such that

lgln Bﬁ(ym) = Cabs (5)7
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~

5 (X) for every closed point x € X4¢;
h5(X) for every subvariety Y C X4 with degp(Y') > 0.

(3) we have ﬁﬁ(:v)

>
(4) we have ﬁﬁ( ) >

It is worth to note that this statement shows in particular that Yuan’s theorems
on equidistribution of Galois orbits of small points and subvarieties [Yua08, The-
orem 3.1 and Theorem 3.6] actually share the same assumption. We recall them
below in a single concise statement.

Theorem 1.7 (Yuan). Assume that K is a number field. Let D = (D, (gy)vesy) €
Div(X) be a semi-positive adelic Cartier divisor on X with D ample. For any
generic net of subvarieties (Yin)m in X5 such that

hmh( m) = Cabs(D)

and for any place v of K, the Galois orbits of ( m)m are equidistributed in the
analytic space X2 with respect to the measure c1,,(D)?/ degp(X).

In the above statement, the notion of equidistribution of Galois orbits is to be
understood in the sense of [Yua08, § 3.

1.4. Ideas of proof. Let D € Div(X)g be an adelic R-Cartier divisor. The main
new ingredient in our proof of Theorem 1.1 is the following result controlling the
height of a point z in terms of the order of vanishing ord, s at x of small section
s € f(X , D). It can be interpreted as an adelic version of Cauchy’s inequality for
the global sections of D.

Proposition 1.8 (Proposition 3.1). Assume that D € Div(X) is an ample Cartier
divisor. Let x € X3 be a regular closed point and € > 0 a real number. There exists
p(D,z,€) € R such that

ord, s

(1.3) h(z) +¢ > —p(D, z,¢) -

for any positive integer m and for any non-zero small section s € f(X7 mD).

In order to sketch the proof of this proposition, we assume that © € X (K) is a
K-rational point for simplicity. Given a small section s € f(X ,mD), we construct
a local section 8s € Ox(mD) not vanishing at x by applying to s a differential
operator of order ord, s. For every place v € Y, we apply Cauchy’s inequality
in severable variables on a suitable polydisc of radius p, > 0 in X¢, to prove an
inequality of the form

m —ordy s

(1.4) [05(2)[lv < awlpy)™py @4 * < ap(pu)"py

where a,,(p,) is an error term controlling the behaviour of a trivialization of Ox (D)
on the polydisc. Using that everything is defined over K, we show that there exists
a finite set P of places (depending only on D and x) such that for every v € g \ P,
we can choose p, = 1 and ensure that a,(p,) = 1 (see Claims 3.2 and 3.3). By
definition, we have

7nﬁ5(x)=-— 2: nm(KjlnHaSQﬁHU

VEX K

where n, (K) is the local weight of K at v (see § 1.6.4). Therefore summing up the
inequalities (1.4) gives the lower bound

ord, s
)+ Z Ny (K) In(ay(py)) > — % Z Ny, (K) In(1/py)-
vEP vEP
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Proposition 1.8 follows by choosing p, sufficiently small for every v € P, and by
using the fact that lim,, o In(a,(p,)) = 0 (which is a direct consequence of the
continuity of the metrics).

We now briefly explain how Proposition 1.8 implies Theorem 1.1 in the case
where X is smooth and D € Div(X) is an ample Cartier divisor. The general
case follows by using de Jong’s alteration theorem and continuity arguments (see
Lemma 4.13). Let z € X be a closed point and let v € V(X) be a valuation of
maximal rank centered at z. The point is to observe that if G5 ,(Oga) > 0, then

for any o > 0, there exist an integer m > 0 and a small section s € f(X ,mD) such
that ord,(s) < mo (see Claim 5.2). Applying Proposition 1.8 and letting o tend to
zero shows that hp(x) + e > 0 for every € > 0. This gives the implication

G5, (Oge) > 0= ﬁﬁ(o:) >0,
and the inequality of Theorem 1.1 follows by rescaling metrics.

1.5. Organization of the paper. In section 2 we recall the definition and basic
properties of adelic R-Cartier divisors. Section 3 contains the main new technical
ingredient of this paper, namely the proof of Proposition 1.8 (see Proposition 3.1).
In section 4 we recall the definition of the Boucksom—Chen concave transform and
we define arithmetic Okounkov bodies; the only new material in this section is a
slight generalization of Boucksom and Chen’s construction, for which we do not
require the underlying divisor D to be big (§§ 4.3 and 4.4). In section 5, we prove
Theorem 1.3, Corollary 1.2, and Theorem 1.4. Finally, we present applications
to the arithmetic Hilbert-Samuel theorem and to generic nets of small points and
subvarieties in section 6, where we prove Theorems 1.5 and 1.6.

1.6. Conventions and terminology.

1.6.1. A scheme is integral if it is reduced and irreducible. A variety over a field
K is an integral scheme of finite type on Spec K. Given a normal variety X over
K, we denote by Div(X) the group of Cartier divisors on X, and by Rat(X) the
function field of X. If K denotes Z, Q or R, we let Div(X)g = Div(X) ®z K and
Rat(X); = Rat(X)* ®z K. For any D € Div(X)gr, we define the set of non-zero
rational K-sections of D as

Rat(X, D)y := Rat(X)g x {D},
and the set of non-zero global K-sections of D as
P(X, D)} = {(6, D) € Rat(X, D)} | (¢) + D = 0}.

When K = Z, we shall omit the subscript Z in the above notations. The support
Supp(D) of D € Div(X)g is defined as the support of the R-Weil divisor associated
to D. For any field extension K’ of K, we let Xg» = X X K’ and we denote by
Dy the pullback of D to Xg/. A subvariety Y of Xk is an irreducible Zariski-
closed subset of X equipped with the reduced induced scheme structure. For any
D € Div(X)g, the degree of a subvariety Y C X7 with respect to D is defined as
degp(Y) = D%my .Y, where K is an algebraic closure of K.

1.6.2. Let S be a Noetherian integral scheme with function field Rat(S) and let
X be a projective variety over Rat(S). Given a dense open subset U C S, a model
of X over U is an integral scheme equipped with a projective morphism 7: X — U
such that X = X xy Rat(S). Let D € Div(X)g, that is D = Y. | a;D; for some
Cartier divisors Dq,...,D, on X and ay,...,a, € R. We assume that for each
i € {1,...,n} there exists a Cartier divisor D; on X" such that D; N X = D;, and
we let D =>"" | a;D;. The pair (X, D) is called a model of (X, D) over U. We say
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that the model (X, D) is relatively nef if D is relatively nef with respect to 7 (see
[Mor16, 0.5.6]).

1.6.3. Let K{ denote either Q or the field of functions k(7"), where k is an arbitrary
field. By definition, a global field K is a finite extension of Ky. We denote by X
the set of places of K, and by Yk - C Xk the set of Archimedean places (which
is empty if Ko = k(T)). For any v € Yk, we let K, be the completion of K with
respect to v and Ky, be the completion of Ky with respect to the restriction of v
to K. We fix an algebraic closure of K,, and we denote by C, its completion.

1.6.4. We shall normalize absolute values on a global field K. Assume first that
K is a number field. For each place v € Xk, we let |.|, be the unique absolute
value on K satisfying the following property : |p|, = p~! if v is a finite place over
a prime number p, and |.|, = |.| is the restriction of the usual absolute value on C
if v is Archimedean. For each v € ¥k, we let n,(K) = [K, : Q,]/[K : Q]. We now
assume that K is a finite extension of Ky = k(T') for some field k. Equivalently,
K = Rat(Ck) is the function field of a regular projective curve Ck over k equipped
with a finite morphism pg: Cx — ]P’}C, unique up to k-isomorphism. The set of
places of K is in one-to-one correspondence with the set of closed points of Ck.
For each v € ¥ and each f € K* = Rat(Ck)*, we denote by ord,(f) the order
of f in the discrete valuation ring O¢, ., and by e,(¢k) the ramification index
of p: Cx — P} at v € Ck. We consider the absolute value |.|, on K given by
|flo=¢€e" ordy (f)/ev(x) and we let
_ eu(pr)[r(v) < K]

nv(K) - W,

where k(v) denotes the residue field of v in Ck.

1.6.5. Let K be a global field and let X be a scheme of finite type on Spec K. For
any place v € Yk and for any subscheme U C X¢, = X X g SpecC,, we denote
by U?" the analytification of U in the sense of Berkovich [Ber90] (see [BGPS14,
§ 1.2] and [Morl6, § 1.3] for a short introduction). Note that U(C,) is a dense
subset of U?". If U = Spec A is affine, then the underlying set of U*" is the set of
multiplicative semi-norms on A extending |.|,. In that case, we write |a(z)|, = |al.
fora € Aand z = |.|, € U*.

1.6.6. Throughout this paper, X denotes a normal and geometrically integral pro-
jective variety of dimension d > 1 over a global field K. We fix an algebraic closure
K of K, and we let S be the scheme defined as follows:
e if K is a number field with ring of integers Ok, S = Spec O;
e if K is a finite extension of k(T) for some field k, S = Ck is a regular
projective curve over k such that Rat(Ck) = K.

2. ADELIC R-CARTIER DIVISORS

In this section we define adelic R-Cartier divisors and we recall various notions
of positivity. We mainly follow [Mor16] and [BGMPS16].

2.1. Definitions. Let D € Div(X)g and v € Y. We consider an open cover-
ing X¢, = U{_,U; such that D¢, is defined by f; € Rat(Xc, )z on U; for each
i€ {l,...,0}. A continuous (respectively smooth) D-Green function on Xg" is a
function

gv: X&'\ (Supp D¢, )™ — R
such that g, + In|f;|? extends to a continuous (respectively smooth) function on
the analytification U™ of U; for each i € {1,...,¢}. We refer the reader to [Morl6,



ARITHMETIC OKOUNKOV BODIES AND POSITIVITY OF ADELIC DIVISORS 9

sections 1.4 and 2.1] for more detail on Green functions. If (X, D) is a model of
(X, D) over a dense open subset U C S, then for each v € U we denote by gp_, the
D-Green function on Xg" induced by D (see [Morl16, § 0.2]).

Definition 2.1. An adelic R-Cartier divisor on X is the data D = (D, (gy)ves,)
of an R-Cartier divisor D € Div(X)r and, for each place v € Xk, of a continuous
D-Green function g, : X¢" — R such that the following conditions are satisfied:

(1) for each v € Yk, g, in invariant under the action of Gal(C,/K,);
(2) there exists a model (X, D) of (X, D) over a dense open subset U C S such
that g, = gp,, for every v € U.

We denote by 51?/(X )r the R-vector space of adelic R-divisors. Since X is
normal, we have inclusions Div(X) C Div(X)gp C Div(X)gr. Therefore we can

consider the subgroups BR/(X), JSR/(X)Q of ]SRI(X)R defined by
Div(X) = {D = (D, (9u)vexs) € Div(X)g | D € Div(X)}
and - - -
Div(X)g = {D = (D, (9v)vesy) € Div(X)r | D € Div(X)g}.

The elements of 517/(X ) (respectively ls;/(X )o) are called adelic Cartier divisors
(respectively adelic Q-Cartier divisors) on X.

Example 2.2. Let (&, )yexn, be a collection of real numbers such that &, = 0 for
all except finitely many v € X . Then €= 1(0,(¢)vesy) € Div(X). The arithmetic
degree of £ is defined as

dea(§) = 3 3 mu(K)E..

VEX K

2.2. Small sections and arithmetic volume. Let D = (D, (g,)vesx,) be an
adelic R-Cartier divisor on X, and let s = (¢, D) € Rat(X, D). We let div(s) =
(¢) + D € Div(X)g. For any z € Xg" \ (Supp(div(s)))#", we define

[8(2)llv = [0 (2)]0 exp(=gu(2)/2),
where ¢, is the pull-back of ¢ to X¢,. If s € I'(X, D)y, then z — ||s(2)||, extends
to a continuous function on X&" (see [Mor16, Propositions 1.4.2 and 2.1.3]). In that
case, we let |[slv,sup = sup,cxan [|5(2)[l» and we say that s is small if [[s]|ssup < 1

for all v € . We denote by T'(X, D)* (respectively ['(X, D)X) the set of small
non-zero global sections (respectively small non-zero R-global sections) of D. We
let T'(X, D) = T'(X, D)* U {0}, and we set

m#0(X,D) if Ky =Q,

(X, D) = )
(X, D) {dimkF(X,D) if Ko = k(T).

We define the arithmetic volume of D as
—~ 1 hO(X,nD)
I(D) == ————1i —
vollD) = ey M sup a7
The arithmetic volume satisfies the following continuity property, due to Moriwaki
[Mor16, Theorem 5.2.1] (see also [CM19, Theorem 6.4.24]): for any adelic R-Cartier
divisor D’ € Div(X)gr, we have

(2.1) lim vol(D 4+ D) = vol(D).
e—

2.3. Height function and semi-positivity. Throughout this subsection, we fix
an adelic R-Cartier divisor D = (D, (gy)ves,) on X.
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2.3.1. Height of points. Let x € Xz be a closed point, and let K’ be a finite
extension of K such that z € X(K’). Let w € g+ and let 0y, K| — C, be a K-
embedding, where v denotes the restriction of w to K. The pair (x,0,) uniquely
determines a point z,, € X¢,(C,). By [Morl6, § 4.2], there exists s € Rat(X, D)y
such that « ¢ Supp(div(s)k-). By Galois invariance of g, the quantity ||s(x)||, :=
Is(zw)]|s does not depend on the choice of o,,. We define the height of x with
respect to D as
hp(z) == Y nu(K')In|ls(@)]w.
WEN g/
It does not depend on the choices of s and K’.

2.3.2. Semi-positivity and height of subvarieties. In order to define the height of
higher dimensional subvarieties, we recall the notion of semi-positive adelic R-
Cartier divisors used in [BGMPS16].

Definition 2.3. We say that D is semi-positive if for each v € Y, there exists a
sequence (gn v )nen satisfying the following conditions:
e if v is Archimedean, g, , is a smooth plurisubharmonic D-Green function
invariant under complex conjugation for every n € N;
e if v is non-Archimedean, then for every n € N there exists a relatively
nef model (X, D,,) of (Xk,,Dk,) over the valuation ring of K, such that

9n,w = 9D, 03
o for every v € Xk, (gnw)nen converges uniformly to g,.

Remark 2.4. (1) Let U C S be a dense open subset as in Definition 2.1, that is

there exists a model (X, D) of (X, D) over U such that g, = gp,, for every

v € U. If D is semi-positive, then (X, D) is relatively nef by [Mor16, Corollary
A.3.2]). In particular, D is nef.

(2) If K is a number field, D is semi-positive if and only if it is relatively nef in the

sense of [Morl6, Definition 4.4.1]. Moreover, our definition of semi-positivity

coincides with the one of [Bal21a, Definition 3.9] by [Mor16, Proposition 4.4.2].

Assume that D is semi-positive and let Y C X be a subvariety. We denote by
h5(Y) the height of Y with respect to D as defined in [BGMPS16, page 225]. By
[BGPS14, Proposition 1.5.10], this definition is invariant by finite field extension; in
particular, we can define the height h1(Y) of any subvariety ¥ C X3 If Y C X
is a subvariety with degp,(Y) # 0, the normalized height of Y with respect to D is

defined as
> h5(Y)

h=(Y) = .
p(Y) (dimY + 1)degp(Y)
We gather some basic properties of heights in the following remark.

Remark 2.5. (1) If z € X5 is a closed point, then Eﬁ({x}) = hp({z}) = ﬁﬁ(z)
coincides with the height of « defined in § 2.3.1 (here {z} is considered as a
subvariety of X).

(2) Let & = (0, (&)vesy ) € 6;()() be such that d/eg(g) =1,andlet D(t) :== D—t£
for some real number ¢ € R. For any subvariety Y C X4, we have
h(Y) = hp(Y) — t(dimY + 1) degp (V).

In particular, if degp(Y) # 0 then ﬁﬁ(t)(Y) = /}\Lﬁ(Y) —t. This follows from
the Bézout formula [BGMPS16, (3.13) page 225] by induction on dimY'.

(3) Assume that K is a function field and that there exists a C'x-model (X, D)
of (X, D) with g, = gp, for every place v € X. Then for any subvariety
Y C X such that Y := YN X # (), we have h5(Y) = DImY .y,
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2.4. Positivity of adelic R-Cartier divisors. Let D = (D, (gy)vexn,) be an
adelic R-Cartier divisor on X. We define the absolute minimum of D as

Gavs(D) = inf hp(w) € RU{—o0}.

We recall below different notions of arithmetic positivity, following [BGMPS16,
Definition 3.18].

Definition 2.6. We say that D is
(1) big if vol(D) > 0;
(2) pseudo-effective if D+ A is big for any big adelic R-Cartier divisor A on X;
(3) nef if D is semi-positive and if (aps(D) > 0;
(4) generated by strictly small R-sections if for every € Xz, there exists
s € ['(X, D)% such that 2 ¢ Supp(div(s)z) and

> no(K) In 5]l sup < 0;
VEX K
(5) ample if the following three conditions hold:
e D is ample,
e D is semi-positive,
e D is generated by strictly small R-sections.

Remark 2.7. By [BGMPS16, Proposition 3.23], our definition of pseudo-effective
adelic R-Cartier divisors coincides with the one of [BGMPS16, Definition 3.18].

The following generalization of the arithmetic Hodge index Theorem is due to
Moriwaki.

Theorem 2.8 (Moriwaki). If D is semi-positive, then hi(X) < \a(ﬁ), with equal-
ity if D is nef.

Proof. When K is a number field, this is [Morl6, Theorem 5.3.2]. When K is a
function field, by arguing as in [Morl6] it is enough to prove the result under the
additional following assumption: D € Div(X) and there exists a normal C'x-model
(X, D) of (X, D) such that D € Div(X) is a relatively ample Cartier divisor on X
with g, = gp, for every v € Y. In that case the result follows from the asymptotic
Riemann-Roch theorem as in [Bal2la, Proof of Theorem 7.3]. O

Corollary 2.9. For any semi-positive D € ﬁi\V(X)R, we have
Cabs(D) = chn)g hﬁ(Y)a

=Ar
degp (Y)>0

where the infimum is over the subvarieties Y C X such that degp(Y) > 0.

Proof. Assume that ¢ := Caps(D) € R, and define D(¢) as in Remark 2.5 (2). Then
he)(Y) = hp(Y) = for any subvariety Y C X with degp(Y) > 0. In particular,
D(C) is nef and thus 715(0 (Y) > 0 by Theorem 2.8. Therefore
Yign)gy hi5(Y) > Cabs(D).
degp (Y)>0

The other inequality is obvious, since degp({z}) =1 for every z € X4 O

The following theorem is an arithmetic version of the Nakai—-Moishezon criterion.
Over a number field, it was originally proved by Zhang [Zha95a, Corollary 4.8] for
hermitian line bundles, and it was recently generalized to adelic R-Cartier divisors
in [Bal21b].
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Theorem 2.10. The following conditions are equivalent:
(1) D is ample;
(2) D is semi-positive, D is ample and Caps(D) > 0;
(3) D is semi-positive, D is ample and ﬁﬁ(Y) > 0 for every subvariety Y C
Xf;

Proof. The implication (1) = (3) follows from the Bézout formula [BGMPSI16,
(3.13) page 225] by induction on dim Y. We shall prove that (3) = (2) by induction
on d. Since ﬁﬁ(X ) > 0 by assumption, there exists a closed subscheme Y ¢ X3
such that inf,ecx_\y ?LB(I) > 0 by [Bal2la, Theorem 1.5]. On the other hand
inf,ey h(z) > 0 by the induction hypothesis, and therefore (2) holds. If K is a
number field, the implication (2) = (1) is a direct consequence of [Bal21b, Theorem
1.1]. Assume that K is a function field. We shall prove that (2) = (1) under the
following additional assumption: there exists a relatively nef model (X, D) of (X, D)
over Ck such that g, = gp,, for every v € ¥ . The general case follows by semi-
positivity. Let ¢ be a positive real number with ¢ < (ups(D). Then ﬁﬁ(Y) > ( for
any subvariety Y C X by Corollary 2.9. Let F € Div(X) be a general fiber of
X — Ck and let Y C X be subvariety such that Y := Y N X3 # 0. By Remark
2.5 (2) and (3), we have

(D — ¢F)ImY .y = (dim V) deg (V) (h5(Y) — ¢) > 0.
By [Birl7, Theorem 1.3], the set

(1 Supp(div(s))

SET (X, D—(F)Y

does not intersect X. Therefore, for every point © € X4, there exists s € I'(X', D —
(F)g such that = ¢ Supp(div(s;x)). By construction, such sx € I'(X,D)g is a

stricly small R-section for D and we are done. O

Corollary 2.11. Assume that D is ample and that D is semi-positive. Then there
exists a subvariety Y C X4 such that

Gavs(D) = hpp(Y).

Proof. Let ¢ = Caps(D), and define D(¢) as in Remark 2.5 (2). Then Caps(D(C)) =
Cabs(D) — ¢ = 0. By Theorem 2.10, there exists a subvariety ¥ C X7 such that

/f\lﬁ(y) — Cabs <ﬁ> = /ﬁﬁ(o (Y) =0. -

3. CAUCHY’S INEQUALITY FOR ADELIC CARTIER DIVISORS

The goal of this section is to prove Proposition 3.1 below, which is the main
new ingredient of this paper. It can be considered as an adelic version of Cauchy’s
inequality, as it gives a lower bound for the height of a closed point € X in
terms of the height of a global section and its order of vanishing at x.

3.1. Differentiation of global sections. Let z = (z1,...,24) be a system of
parameters centered at a closed regular point x € X4, that is a system of generators
with d elements of the maximal ideal of Ox,. . For any a = (a1,...,a4) € N,
we let 2% = 20" -+ 25 and |a| == aq + - - - + aq. Since z is regular, the completion
o Xz Of the local ring Ox_, is naturally isomorphic to K[[z1, ... zq4]]. Therefore,
any f € Ox,. , has a unique expression

F= 3 82,

aeNd
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where 82 f(z) € K for every a € N%. Let D € Div(X) and let sq € I'(U, D) be
a trivialization of Ox (D)% on a neighbourhood U C X3 of z. Given a non-zero
global section s € I'(X, D)*, there exists f € Ox_(U) such that sy = f - s0. We
define the order of s at x by

ord, s = min{|e | 85 f(z) # 0}.

Note that ord, s does not depend on the choice of the system of parameters z. By
Leibniz’s formula, it is also independent of sg.

3.2. Height of global sections. Let D = (D, (g,)vesy) € BR/(X) and let s =
(¢, Dgr) € T'( Xk, Dg)*, where K’ is a finite extension of K. Let w € Y and
ow: K|, — C, be a K,-embedding, where v is the restriction of w to K. We denote
by ¢, X¢, = Xk the morphism induced by o,,. The function

z € Xg) \ Supp(ay, div(s))™ = [|s(2)|lw := [05,¢(2) |0 exp(—g0(2)/2) € R

extends to X&" and does not depend on the choice of o,,. We let II5]|w,sup =
Sup, ¢ xan [|$(2)[w and we define the height of s with respect to D as

hp(s) =Y (K 5] sup-
’LUGEK/
This definition is invariant by finite field extension. In particular, we can define the
height h55(s) of any global section s € I'( X+, D) <.

3.3. Cauchy’s inequality for global sections. Given a closed point € X7 and
an adelic Cartier divisor D € ﬁl\v(X ), it follows from the definitions that ﬁﬁ(x) >
—h,,5(s)/m for any integer m > 1 and any global section s € I'( X, mDy)* such
that s(x) # 0. It is natural to ask whether a similar result holds even if s vanishes
at . The following proposition gives an answer to this question, that will be central
in our proof of Theorem 1.3.

Proposition 3.1. Let D = (D, (gy)vesy) € ISRI(X) be an adelic Cartier divisor,
and assume that D is ample. Let x € X3 be a regular closed point and let € > 0 be
a real number. There exists a real number p(D,x,€) such that

~

1 _
(3.1) hy(z) +e> *E(hmﬁ(s) + p(D,z,e)ordy s)
for any positive integer m and for any s € I'( Xy, mDy) .

Proof. We assume that € X(K) is a K-rational point without loss of generality.
After possibly replacing D by a suitable multiple, we also assume that Ox (D) is
very ample. Let p: X — P¥ be a closed immersion such that Ox (D) = gp*(’)]p%(l).
By Bertini’s theorem [Laz04, Example 5.2.14], there exist homogeneous coordinates
(To, ..., Tn) on PX such that = ¢ U := X \ div(Tp) and the projection on the first
d + 1 coordinates induces a well-defined finite morphism gx: X — P%, étale at x.
We denote by ¢: U(K) — K" the restriction of qx to U(K), and we write q(z) =
(71,...,74) € K% For any v € Sk, q induces a morphism ¢, : Uc, (C,) — C¢, and
given a real number p > 0 we let

_ _ d .
D,(p) ={z = (21,...,24) € C | lrgigxdm Zily < p}.

Moreover, we let s; = o*T; € T'(X, D) for each ¢ € {0,...,d}. Let us prove the
following claim.

Claim 3.2. There exists a finite subset P1 C X such that ||so(y)|l, =1 for every
v € Xk \ Py and every y € q; 1 (D, (1)).
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Proof. Let (X,D) be a model of (X, D) over a dense open subset &Y C S such
that g, = gp, for every v € U. After possibly shrinking U, there exist global
sections sp,...,5¢ € I'(X,D) such that s;x = s; for every i € {0,...,d} and
NL_,div(s;) = 0. The sections s, ...,5, induce a morphism gy: X — P¢ that
extends gx: X — P%. Let v € U and let qx ,: X¢, — ]P’fév be the base change of
gx: X — P%. We denote by C the valuation ring of C, and by C9° its maximal
ideal. For any i € {0,...,d}, we let s; , € I'(Xcs /co0, Deg /coo ) be the pullback of
i t0 Ags jco0 = X Xy Spec(C; /C;°). We have a commutative diagram

redx,U
Xe, Acs /g
JKQX.'U J/(IX,’U
red,q
d P d
]P(Cv PC%/C‘;O ’

where redx,,, redpa, are the reduction maps (see [Morl6, section 1.3]) and gx o

is the morphism given by z — (§0.,(2) : -+ : 84(2)). Let y € ¢, 1(Dy(1)). Then
by definition of redpas ,, we have redpa ,(¢x,0(y)) = (1 : Y10 : -+ : Ya,v) for some
(Y105 -+ Yaw) € (C°/C2°)9. On the other hand,

redpdw(qu(y)) = QX,v(redX,v(y)) = (50,v(redX.,v(y)) A 35d,v(redX,v(y)))

and therefore ¢ ,(redy ,(y)) # 0. Since g, = gp,v, it follows that ||so(y)|, = 1
by definition of gp , (see [Morl6, section 0.2]). The claim follows by taking P; =
EK\(Z/{UEK,OO). O

We also need the following claim, which is a direct consequence of a multivariable
version of Hensel’s lemma due to Vojta [Voj93, Corollary 15.13].

Claim 3.3. There exists a collection of positive real numbers (p,)vex, and a finite
set Py C X such that

(1) for every v € Y, the map q, admits an analytic section o,: Dy(p,) —

Uc, (Cy) on Dy(py), and

(2) py =1 for every v € T \ Ps.
Proof. Since q is étale at x, there exist an integer n € N and polynomials f1,..., f, €
K[Ty,...,Ty,51,...,5n] such that
(K[Tl,...,Td,Sl,...,Sn]

) b)

U = Spec
P (flv"'mfﬂ

and

Jp(@) == ((0f;/08;)(x))1<ij<n € GLn(K).
By the multivariable Hensel’s lemma [V0j93, Corollary 15.13], for every place v €
Yk there exists a real number p, > 0 together with an analytic section

oy Dy(py) — Uc, (Cy)

of ¢,, and moreover we can take p, = |det J¢(z)|? for all except finitely many places
v (note that the proof of [Voj93, Corollary 15.13] remains valid in the function field
case, since [Vo0j93, Corollary 15.3] deals with an arbitrary non-Archimedean valued
field). Since det J¢(x) € K*, there exists a finite set P, C X such that p, = 1 for
every v € Xg \ Pa.

d

Let P1,Py C Xk and (py)vexy, be as in Claims 3.2, 3.3 and let P = P; U Pa.
For every v € X and p € (0, p,], we let B, (p) = 0,(Dy(p)) and
50 (@)1l

ay(p) = .
veBy (o) [150()]lo
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By Claims 3.2 and 3.3 (1), we have p, = 1 and «,(1) = 1 for every v ¢ P. Let
€ > 0. By continuity of the metrics, for every v € P there exists a positive real
number p. , < p, such that a,(pe,) < exp(e/(n,(K)#P)). For every v ¢ P, we
put pe, = 1. We have

Z Ny (K) In oy (pev) = Z Ny (K) In oy (pew) < e,

VEX K veEP

and we define

p(D,x,e) = — Z Ny (K)Inpe, = — ZRU(K)IH%,U eR.

VEX K vEP

Let m > 1 be an integer and let s € I'(Xy, mD%)*. In order to prove (3.1),
we assume that s € T'(X,mD)* is defined over K without loss of generality. For
every i € {1,...,d}, we let z; = s;/s0 — x; € Ox(U) (recall that s; = ¢*T;). By
construction, z = (z1,...,24) is a system of parameters at x; by a slight abuse of
notation, we also consider it as a system of parameters at ¢(x). Let f = s/sj €
Ox(U). By definition of ord, s, there exists @ € N with |a| = ord, s such that
0y f(x) #0. Let v € ¥ and let f, € Ox,, (Uc,) be the pull-back of f to Uc,. By
Cauchy’s inequality in several variables (see [BGR84, § 5.1.3, Proposition 3] in the
non-Archimedean case), we have

. . SUD.ep, (5. 1) [05F0 (2]
182 f(2)]w = 182 (05 £2) (g0 (2)) ] < —5 j;;r;ms
SUP.eB, (pe.v) |fv(z)|v

ord, s ’
e,v

where o,,: Dy, (p,) = Ug, (C,) is the section given by Claim 3.3 (1). Therefore

. e 15 5l
50 (@) [[2182 £ ()]s < au(pe.0) fj;;ijs < alpen) " SEP
for any v € Y. Since 82 f(x) # 0, we have
mhp(x) == Y ny(K) In(|[so(2)|7'105 f (2)].)
VEX K
> —h, 5(s) — p(D,x,e)ord, s —m Z Ny (K) In oy, (pev)
VEX K
> —h, 5(s) — p(D,z,g)ord, s — me
and we are done.
(]

4. CONCAVE TRANSFORM AND ARITHMETIC OKOUNKOV BODIES

We briefly recall the construction of geometric Okounkov bodies in subsection
4.1, following [LMO09], [Morl6, § 7.3] and [Bould]. We then define the arithmetic
concave transform (§ 4.2) introduced by Boucksom and Chen [BC11]. The only
new material in this section is contained in §§ 4.3 and 4.4, where we generalize the
construction of the concave transform and the arithmetic Okounkov bodies from
[BC11] to arbitrary adelic R-Cartier divisors (without assuming the underlying
Cartier divisor to be big).
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4.1. Okounkov bodies of big Cartier divisors. We denote by <j. the lexico-
graphic order on Z?.

Definition 4.1. A valuation of maximal rank v on Rat(X3) is a surjective map
v: Rat(X3)* — 74 satisfying the following three conditions:

e v(fg) =v(f)+v(g) for every f,g € Rat(X3%)*,
e min{v(f),v(g)} <iex v(f + g) for every f,g € Rat(X3)* with f+ g # 0,

e v(a) =0z for everya € K .
We denote by V(X7) the set of valuations of maximal rank on Rat(X)*. For any
v € V(X%), we let v(0) = oo, with the convention that a <jex 00 for every o € Z4.

Let v € V(X%). We consider the sets
O, ={f € Rat(X5) | v(f) Z1ex Oza} and m, = {f € O, [V(f) >1ex 074}
By the valuative criterion for properness, there exists a unique schematic point
cx (V) € X4 such that
Oxrexw) €Oy and my_ ) = Ox—cx(v) N My,

where mx_ . (,) denotes the maximal ideal of Ox_ ., (,). We call cx (v) the center

of v. By [Boul4, Remark 2.25], we have O, /m, = K. In particular, cx(v) € X7
is a closed point. Moreover, for every closed point x € X there exists a valuation
of maximal rank v € V(X5) with center cx(v) = x (see [Z2S60, Chap. VI, § 16,
Theorem 37, page 106]).

Example 4.2. Let Y, be an admissible flag on X+, that is a sequence

Yo: X =Yo2 V12 2Yy 1 2Yy={z}
such that for every ¢ € {0,...,d}, Y; € X4 is a subvariety of codimension 4, smooth
at x. We define a valuation of maximal rank vy, € V(X3) as follows. For each
i€ {l,...,d — 1}, we choose a local equation w; € Oy, , of Y41, and for every
f € Rat(X5)* we let

vy, (f) = (OrdY1 (f0)7 ordy, (fl)v s ,Ol“dyd(fd))7
where the f; € Rat(Y;)* are defined inductively by fo = f and

—ordy;  , (fi)
firi=(wipr T fi)yiga-

Note that cx (vy,) =z € X%

Example 4.3. Let x € X3 be a smooth closed point and let X — X be the
blow-up of X7 at x, with exceptional divisor £. An infinitesimal flag over z € X4

is an admissible flag on X

Yo X=Yy2V12--2Y4 12,
such that E = Y; and for each i € {2,...,d}, Y; is an (d — i)-dimensional linear
subspace of F ~ P%_l for every i € {1,..., cl}.~ We denote by vy, € V(X) the
valuation of maximal rank on Rat(Xz) = Rat(X) constructed in Example 4.2. We

have cx (vg,) = .

In the rest of this section, we fix a valuation of maximal rank v € V(X). For a
Cartier divisor D € Div(X3) on X3, we define v(D) = v(f), where f € Rat(X#)*
is any rational function defining D around cx(v) € X3. Note that this definition
does not depend on the choice of f since v(g) = 0 for every g € O)X(?’CX W) We

obtain a map Div(X7) — Z%, that extends to a map
v: Div(Xg)r — R?
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after tensoring by R. By construction, we have

e y(AD) = Mv(D) for any D € Div(X)g and any A € R,

e v(D1) +v(D2) =v(D;y + D3) for any Dy, Dy € Div(X)g,
Given a divisor D € Div(X5)r and a global section s = (D, ¢) € I'(X%, D), we
write v(s) = v(div(s)) = v(D + (¢)).

Let D € Div(X)g be a big R-Cartier divisor, and let V4 (D) := @

Given a graded K-subalgebra W, =
I, (W,) of R? defined by

nen (X, nD).

nen Wn € Vo(D), we consider the subset

r,(W,) = {1/(3) |n>1, sEWn®KK\{O}}.

n

Definition 4.4. The Okounkov body of W, with respect to v is the closure

A, (W) =T, (W,)

of T',(W,) in R? for the Euclidean topology. When W, = V,(D), A,(D) :=
A, (Va(D)) is called the Okounkov body of D with respect to v.

We define the volume of W, as

. dim W,
vol(W,) = 117rln_>solip ndjdl

Following [BC11, Definition 1.1], we say that W, contains an ample series if

e W, # 0 for every n > 1, and
o there exist an integer £ > 1 and an ample Q-Cartier divisor A € Div(X)g
such that A < D and H°(X,nlA) C W, for every n > 1.

In that case, we have

pra (AL (W) = vol(W,)/d! = lim dim W,,

n—00 nl

by [LMO09, Theorem 2.13], where g« is the Lebesgue measure on RY. Note that
Vo(D) contains an ample series since D is big. In particular, A, (D) C R? is a
convex body and vol(D) = d!ura(A,(D)).

4.2. The arithmetic concave transform. Let D = (D, (g,)vexy ) € Div(X)g be
an adelic R-Cartier divisor on X such that D is big. Let & = (0, (§,)vexny ) € Div(X)
be such that deg(£) = 1 (see Example 2.2). For any n € N\ {0} and t € R, we
denote by V}(D) C I'(X,nD) the K-linear subspace generated by I'(X,nD — t¢).
We let V(D) C V4(D) be the graded K-subalgebra defined by
V(D) = P V(D).
neN
Definition 4.5. The concave transform of D with respect to v is the function
Gp,,: Au(D) = RU{—oc} given by
Gp, () =sup{t €R | o € A, (V{(D))}

for every a € A, (D).

By [BC11, § 1.3], Gﬁy is an upper semi-continuous concave function, and it is
continuous on the interior of A, (D).
Lemma 4.6. We have

aeiAan(D) Gp (o) =sup{t € R | vol(D) = vol(V{(D))} € RU {—oc}.

In particular, infa (py G55, does not depend on v.
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Proof. Let §(D) be the supremum on the right hand-side. To prove that (D) >
inf G5 ,, we assume that inf G5, > —oo without loss of generality. For any real
number ¢ < inf G, it follows from the definitions that A, (VJ(D)) = A, (D).
Moreover, V(D) contains an ample series by [BC11, Lemma 1.6 and (1.8) page
1213]. Therefore vol(VI(D)) = vol(D), and it follows that §(D) > inf Gp,,- Con-
versely, let t € R be a real number such that vol(V} (D)) = vol(D) > 0. By [BC11,

Lemma 1.6], V(D) contains an ample series and therefore pga(A,(V{(D))) =
pra (AL (D)). Since A, (VE(D)) is a closed subset of A, (D), we have A, (VI(D)) =
A, (D) and therefore G (o) > t for every a € A, (D) by definition of G5 ,. U

We end this paragraph with a fundamental theorem of Boucksom and Chen
relating the concave transform to the arithmetic volume.

Theorem 4.7 (Boucksom-Chen). We have

\7(;1(5) =(d+ 1)!/ max{0, G , }duga.
Ay(D) ’

Moreover, if D is semi-positive then

Mo < (@4 D! [ max{t, G, Vs,
A, (D) '

for every t € R, with equality if Caps(D) > t.

Proof. The first part of the theorem follows from [BC11, Theorem 1.11] as in the
proof of [BC11, Theorem 2.8]. In order to prove the second part, we assume that

D is semi-positive. Let & = (0, (£,)vesy) € 51;()() be the adelic R-Cartier divisor
introduced at the beginning of § 4.2 and let ¢ € R be a real number. We let

D(t) = D — t€. By definition, we have Goy,» = Gp,, —t. Moreover, D(t) is
semi-positive. By Remark 2.5 (2) and Theorem 2.8, we have

his(X) = hpsy(X) + t(d + 1) degp (X) < vol(D(t)) + t(d + 1) degp (X),
with equality if Caps(D) > t (since in that case Caps(D(t)) = Caps(D) —t > 0, so
that D(t) is nef and hp ) (X) = vol(D(t)) by Theorem 2.8). On the other hand,
\a(ﬁ(t)) = (d+ 1)!IAV(D) max{0, G5, — t}duge and degp(X) = dluga(A,(D)).

Therefore

h(X) < (d+ 1)!/ (max{0,Gy , —t} + t)dpga
A, (D) 7

— @+t [ max{t. Gy, s
A, (D) ’

with equality if Caps(D) > t. O
4.3. The generalized arithmetic concave transform. In the previous para-
graph, we defined the arithmetic concave transform for adelic R-Cartier divisors
D = (D, (gy)vesy) with D big. Our goal in this subsection is to extend this con-

struction to the case where D is pseudo-effective (Definition 4.12). We first need
to define Okounkov bodies of pseudo-effective divisors.

Definition 4.8. Let D € Div(X)g. If D is pseudo-effective, the Okounkov body
of D with respect to v is

Ay(D)= () AuD+A),

A ample
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where the intersection is over all ample R-Cartier divisors A on X. If D is not
pseudo-effective, we put A, (D) = 0.

When D is big, the Okounkov body A, (D) of Definition 4.8 coincides with the
one defined in § 4.1 (see [Boul4, Proposition 4.4]).

Lemma 4.9. For any Ac ﬁ/(X)R generated by strictly small R-sections, we have
Ore € A, (V)(A)). In particular, Gz ,(Oga) > 0.

Proof. Let us first assume that 4 € Div(X). By [BGMPS16, Lemma 3.17], there
exists an integer n > 1 and a small global section s € I'(X,nA)* C V9(A) such
that cx(v) ¢ Supp(div(s))z. Therefore, if f € Rat(X5)* defines div(s)z around
cx(v), we have f = OX—,CX(U) Hence Oga = v(f)/n=wv(s)/n € A, (VI(A)).

We now consider the general case. As shown in [Morl2, Proof of Proposition
6.5.3], there exist adelic R-Cartier divisors Ay, ..., A, satisfying the following con-
ditions:

o foreveryi € {1,...,r}, we have 1 € f(X7ZZ-)X;

e for every ¢ > 0, there exist positive real numbers 61,...,d, € (0,¢) such
that A—3"7_, §;4; € Div(X)q is generated by strictly small R-sections.
Let € > 0 and 41, ...,d, € (0,¢) be as above. By construction, we have

v(VO(A - zr: 5 A4:)) +n zT: siv(4A;) Cv(V2(A))
i=1 i=1

for any integer n > 1, and therefore

S(A- ZéA +Zau ) € A(A).

By the above we have Oga € AB(A — >0 A, thus Yoo 8,v(A;) € AY(A). By
letting ¢ tend to zero, it follows that Oga € AY(A). O

Lemma 4.10. Let D = (D, (gy)vexy) € BE(X), and assume that D is big. For
every o € A, (D), we have

Gp,(a)=_inf Gp z(a),

A ample
where the infimum is over all ample adelic R-Cartier divisors A on X.

Proof. We let éﬁ = inf G547 be the function on the right hand-side. Let

A be an ample adelic R-Cartier divisor. For any ¢ € R and for any integer n > 1,
v(VH(D)) + v(V,2(A)) is a subset of

{v(div(s) +div(s")) | s € V(D) \ {0}, s" € V)(A)\ {0}} S v(V(D + A)).
This implies that A, (VZ(D)) + A, (VO(A)) C AV(V,t(D + A)), and therefore
AL (Vi(D)) € A (Ve (D + A))

A ample

by Lemma 4.9. It follows that Gﬁ’y < éﬁy. To prove the converse inequality,

we argue by contradiction and we assume that G5, < é . Using that é

concave, that G5 v is upper semi-continuous on A, (D), and that G5 v is contmuous
on the interior of int(A, (D)), it is easy to see that there exists o € int(A, (D))
such that G5, (o) < GB’U(a). Let & € DIV( ) be the adelic Cartier divisor
defined in § 4.2. Then GD+€£V = Gp, +¢ and 5D+E£y = éﬁy + ¢ for any
€ € R by definition. Let € be a real number such that G5, ¢, () > 0. Since
a € int(A,(D)) and 0 < Gp, ¢, (a) < Gﬁ+s§,u( «), there exist a real number
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A > 0 and an open subset U C int(A, (D)) with positive Lebesgue measure such
that 0 < Gp,¢,(8) < Gp,.z,(8) — A for every 8 € U (note that Gp, ¢, and
éﬁ .z, are concave, hence continuous on int(A,(D)). Theorem 4.7 implies that
there exists a real number A\’ > 0 such that

vol(D + £€) + X < vol(D + &€ + A)
for any ample adelic R-Cartier divisor A on X. This contradicts the continuity
property (2.1) of vol, and finishes the proof. O

Remark 4.11. It follows from the proof that Lemma 4.10 remains valid when
the infimum is taken over all adelic R-Cartier divisors generated by strictly small
R-sections. We will not use this fact in this text.

Lemma 4.10 allows us to extend the definition of the arithmetic concave trans-
form as follows.

Definition 4.12. Let D = (D, (g, )ves, ) be an adelic R-Cartier divisor on X such
that D is pseudo-effective. The arithmetic concave transform of D with respect to
v is the concave function G5 ,: A, (D) = RU {—oc} defined by

Gﬁy(a) = mf Gﬁ_i_z,y(a),
A ample
for every o € A, (D), where the infimum is over all ample adelic R-Cartier divisors
Aon X.

We end this paragraph with an alternative description of the arithmetic concave
transform.

Lemma 4.13. Let D = (D, (gy)vesy) be an adelic R-Cartier divisor on X such

that D is pseudo-effective, and let Ay € Div(X)r be generated by strictly small
R-sections. For every a € A, (D), we have

Gp,la)= lim Gp g, (q).

m—o0
Moreover, for every a € A, (D) we have
Gp,(a)= _inf  Gpoz,(0),
A ample

D+4eDiv(X)g
where the infimum is over all ample adelic R-Cartier divisors on X such that D +
A € Div(X)g is an adelic Q-Cartier divisor.
Proof. Arguing as in the proof of Lemma 4.10, we have
_ _ 1 _ 1
Al(D)C A (D+ ——A) CA(D+ —A
1/( )— 1/( +m+1 0)— u( +m 0)
for every t € R and m € N\ {0}. It follows that
Gpu (@) < Gpy 1 7,,(0) <Gpy17,,(q)
for every a € A, (D). Let Ac 517/(X)R be ample. Then for m > 1 sufficiently
large, A — %Ao is generated by strictly small R-sections. As above, it follows that
Gpyag,,(a) <Gp g, (). Taking the infimum on A, we obtain that
Gp,(a) < lim Gp iz (o) <Gp,(a)=_inf Gp z,(a)
) M— 00 Ao, , ample )
This proves the first part of the lemma. The second one can be proved with the
same arguments, after observing that for every ample A € Div(X)r there exists

an ample A’ € BR(X)R such that D + A € f)F/(X)Q and A — A is generated by
strictly small R-sections. U
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4.4. Arithmetic Okounkov body.

Definition 4.14. Let D = (D, (g,)vexy) € ]Si\V(X)R. If D is pseudo-effective, we
define the arithmetic Okounkov body of D as

A,(D) = {(o,t) € A, (D) x Ry | Gp, () > t}.
If D is not pseudo-effective, we put ﬁy(ﬁ) = 0.

It follows from the definitions that for any D = (D, (gy)ves,) € Div(X)g, we
have

A ample

where the intersection is over all ample adelic R-Cartier divisors A on X. We
also have the following useful reformulation of Lemma 4.13 in terms of arithmetic
Okounkov bodies.

Lemma 4.15. Let D = (D, (gy)vesy) € m(X)R, and let Ay € ]SF/(X)R be
generated by strictly small R-sections. We have

~ -~ 1_ ~
AD)= () Ay(D + —Ag) = N A, (D + A),
meN\{0} A ample
D+A4eDbiv(X)g

where the last intersection is over all ample adelic R-Cartier divisors A on X such

that D + A € Div(X)g.

Proof. Tt is well-known and not hard to see that the geometric Okounkov body
satisfies

1
A = — = .
JD)= [ Au(D+—Ag) N AD+4)
meN\{0} A ample
D+AeDiv(X)g
Therefore the result follows directly from the definitions and Lemma 4.13. O
In the case where D is big, Lemma 4.10 implies that ﬁy(ﬁ) coincides with the

arithmetic Okounkov body introduced in [BC11, Definition 2.7]. In particular, we
have the following.

Lemma 4.16. Let D = (D, (gy)vexy) € ]SFI(X)R. If D is big, then
A, (D) = {(a,1) € A(D) xRy | o€ A, (VI(D))}
and
(d + 1)lpgass (B, (D)) = vol(D),
where jiga+1 is the Lebesgue measure on R4TL,

Proof. The first equality follows from [BC11, Remark 1.10] (see [KMR21, (3.20.1)]
for details). The second one is the first part of Theorem 4.7. g

We end this section with a characterization of pseudo-effective adelic R-Cartier
divisors.

Lemma 4.17. Let D = (D, (gy)vesy) € ]SR/(X)R. Then D is pseudo-effective if
and only if A, (D) # 0.
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Proof. Let Ay € ]SE(X Jr be an ample adelic R-Cartier divisor on X. Assume
that D is pseudo-effective. Then D + %ZO is big for any integer m > 1. It
follows that ﬁu(ﬁ) is the intersection of a decreasing nested sequence of convex
bodies, and therefore it is non-empty by Cantor’s intersection theorem. Conversely,
assume that A, (D) # 0. Then D is pseudo-effective and A, (D + L4g) # 0 for
any integer m > 1. By definition, there exists a,, € A,(D + %AO) such that
GBiAym(@m) = 0. By [Bal2la, Remark 5.7 and Lemma 6.3], D+ L4 is

pseudo-effective for any m > 1. Therefore D is pseudo-effective. O

5. POSITIVITY VIA ARITHMETIC OKOUNKOV BODIES

We prove Theorem 1.1 in § 5.1. In § 5.2, we prove Corollary 1.2 and a refinement
of Theorem 1.3 characterizing arithmetic nefness (Corollaries 5.3 and 5.5). We
then give several characterizations of arithmetic ampleness in terms of arithmetic
Okounkov bodies in § 5.3, where we prove variants of Theorem 1.4 (see Corollaries
5.7 and 5.8).

5.1. Height of points and arithmetic concave transform. We shall establish
Theorem 1.1 as a consequence of Proposition 3.1.

Theorem 5.1. Let D = (D, (gy)vesy) € BFI(X)R and let v € V(X) be a valu-
ation of maximal rank on Rat(Xy) centered at a point x € Xg. If D is nef, then
Oga € A, (D) and

hp(z) =2 Gp, (Oga).

Proof. Since D is nef, we have Oge € A, (D) by [Bould, (20) page 1059-30]. We
shall divide the proof of the inequality /h\f(x) > tg := G, (Oga) into three steps.

Step 1. We suppose that € X4 is a regular point and that D € Div(X)q is
an ample Q-Cartier divisor. We have Oga € A, (V}°(D)) by Lemma 4.16, and in
particular Vo (D) # {0}. Let us prove the following claim.

Claim 5.2. For any o > 0, there exist an integer m > 1 and a non-zero global
section s € I'(X, mD)* such that h,5(s) < —mto and ord, s < mo.

Proof. Let m > 1 be an integer and let 5 € V™ (D)®x K \{0}. By definition, there
exist a family s1,...,s,, € [(X,mD)* and \y,..., A, € K™ such that h,5(s:) <
—miy for every i € {1,...,7r,,} and §=>_." A;s;. Assume by contradiction that
the conclusion of the claim does not hold and let i € {1,...,7,}. Then ord, s; >
mo. Let z1,...,24 be a system of parameters at x and let 8, = mini<j<qv(z;) €
7%. Since x = cx(v), we have B, >iex Oza. By definition of ord,(s;), div(s;) is
locally defined by a function f € m?%@@x?,x around z, and therefore v(s;) =
v(f) Z1ex moB,. Hence
> i i) > .

V(g) —lex 1gé?m V(Sz) —lex maﬁz

It follows that
I,(V°(D)) C{a € Q" | a >iex 98,1,

and thus & >jex 08z >1ex Oga for every a € A, (V}o(D)). This is a contradiction
since Oga € A, (Vi (D)). O

Let ¢ and o be positive real numbers. By Claim 5.2, there exist m € N\ {0} and
s € I'(X,mD)* with h,_5(s) < —mto and ord,(s) < mo. By Proposition 3.1, we
have

- 1 _ _
hy(x) +€ > —E(hmﬁ(s) + p(D,x,e)ord, s) > tg — o|p(D, x, )|,
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where p(D,z,¢) € R depends only on D, z and . By letting o tend to zero, we
obtain Eﬁ(az) >ty — €, and therefore ﬁﬁ(x) > to. That proves the theorem in the
case where z is regular and D is an ample Q-Cartier divisor.

Step 2. We continue to suppose that D € Div(X) is an ample Q-Cartier divisor,
but we allow z € X3 to be a singular point. By de Jong’s alteration Theorem [dJ96,
Theorem 4.1], there exist a finite extension K’ of K and a smooth geometrically
integral projective variety X’ over K’, together with a surjective generically finite
morphism u: X' — Xg. We denote by D e ]Si\V(X')R the pullback of D to X,
and we let v’ € V(XZ) be a valuation of maximal rank extending v (such a valuation
exists by [ZS60, Chap. VI, § 6, Theorem 11, page 26]). The center ' = cx/ (V') of v/
satisfies pu(z') = z, and in particular Eﬁl (') = ﬁﬁ(x). We have Oga € A, (Vio(D))
by Lemma 4.16 (recall that to = GE,D(ORd))‘ It follows that for any positive integer
n, there exist m, € N\ {0} and s,, € V;m» (D) \ {0} such that a,, = v(sn)/mn,
satisfies || < 1/n. By construction, p*s, € Vit (E/) and v/ (u*s,) = v(s,) for
every n > 0. Therefore a,, € A,/ (V} (5/)). Letting n tend to infinity, it follows
that Opa € A,/ (Vo (ﬁ/)) and thus Gz, (Oga) > to. By Step 1, we have

h(x) = hyy (1) > G, (Oa) > to.

Step 3. Finally, we consider the general case. There exist ample adelic R-

Cartier divisors Aq,..., A, such that for any real number § > 0, there exists t =
(t1,...,tq) € RY} such that |t| < 0 and

ﬁt = E—ﬁ- ZtiZi S 6;7()()@
i=1
Let 6 > 0 be a real number and let t = (¢1,...,t,) € R} be a n-tuple such that
|t| < § and Dy € Div(X)g. Since D is nef, the underlying divisor Dy is ample. By
Step 2, we have
hp,(x) = Gp, ,(Ore) > G5, (Oga),

where the second inequality follows from the definition of G, (Definition 4.12).
On the other hand, hz (x) > 0 for every i € {1,...,n}, hence

s

hp(w) +07y_hg, (2) 2 b, (1) 2 G, (0po)-

Letting d tend to zero, we conclude that lAzB(x) > G5, (Oga). O

5.2. Characterization of arithmetic nefness. As a direct consequence of The-
orem 5.1, we have the following refinement of Theorem 1.3 (see Remark 5.4 below).

Corollary 5.3. Let D = (D, (gy)vesy) € ]SRI(X)R be semi-positive and let Vy C
V(X%) be a subset such that for every closed point x € Xy, there exists v € V
with center cx(v) = x. The following conditions are equivalent:
(1) D is nef;
(2) for every v € Vo, we have G5 () > 0 for all o € A, (D);
(3) for every v € Vo, we have G5 ,(Oga) > 0;
(4) for every closed point v € X3, there exists a valuation of mazimal rank
v € Vo centered at x such that G, (o) > 0 for all a € A, (D);
(5) for every closed point x € X3, there exists a valuation of mazimal rank
v €V centered at x such that G5 ,(Oga) > 0.

Moreover, if D is big then the above conditions are equivalent to the following:
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(6) there exists a valuation of maximal rank v € V(Xg) such that G () >0
for all « € A, (D).

Proof. We first prove that (1) = (2). Assume that D is nef and let A be an ample
adelic R-Cartier divisor such that D+A € ]SRI(X)Q. Since D is nef, D+ A is ample.
By Theorem 2.10 and [CM19, Theorem 7.4.1], we have V(D + A) = V4(D + A).
Therefore G, 7, > 0 for every v € Vy by Lemma 4.6, and (2) holds by Lemma
4.13. The implications (2) = (4) = (5) and (2) = (3) = (5) are trivial. If
(5) holds, then ﬁﬁ(x) > 0 for every closed point z € Xz, and therefore D is nef.
Finally, we note that when D is big then (2) < (6) by Lemma 4.6. O

Remark 5.4. Theorem 1.3 in the introduction is nothing but a translation in
terms of arithmetic Okounkov bodies of the equivalences (1) < (3) < (5) given by
Corollary 5.3 in the case Vy = V(X5%).

We end this subsection with a slight generalization of Corollary 1.2, that gives
new descriptions of the absolute minimum Cups(D) = inf ¥ hp ().

Corollary 5.5. Let D = (D, (gy)ves,) € m(X)R be semi-positive and let Vy C
V(X%) be a subset such that for every closed point x € Xy, there exists v € V
with center cx(v) = x. Then

CabS(D) = Vlenéo GB,V(ORJ)'

Moreover, if D is big then Cans(D) = infaen, (p) Gp,(a) for any v € V(X5).

Proof. Let € = (0,(£,)ves, ) be the adelic Cartier divisor defined in § 4.2. For
t € R, we let D(t) = D — t£. Note that since D is semi-positive, so is D(t). By
definition, D(t) is nef if and only if Caps(D) — t = Cans(D(t)) > 0. Moreover, by
construction we have G5, , (@) = Gy, (a) —t for any v € V(X%) and o € Ay (D).
By Corollary 5.3, we have

Cabs(D) > t <= Vien\g0 GE,V(OR‘]) >t,

and if moreover D is big then

> 1 __ >
Cabs(D) > t <= aelAan(D) Gp,(a) >t

for any v € V(X3 ). The corollary follows. (]

5.3. Characterizations of arithmetic ampleness. Let us begin with a direct
consequence of Corollary 5.5.

Corollary 5.6. Let D = (D, (gv)vexy) € ]SE(X)]R be a semi-positive adelic R-
Cartier divisor such that D is ample, and let v € V(X) be a valuation of mazimal
rank. Then D is ample if and only if inf,ea, (D) Gﬂy(a) > 0.

Proof. By Corollary 5.5, the statement is a reformulation of the arithmetic Nakai—
Moishezon criterion (Theorem 2.10). O

Our next goal is to prove variants of Corollary 5.6 without assuming that D is
ample. To do so, we shall combine the results of the previous subsection with char-
acterizations of geometric ampleness in terms of Okounkov bodies due to Park and
Shin [PS21] (which extend the results of Kiironya and Lozovanu [KL17a, KL17b]
to the case of arbitrary characteristic). For this purpose, we focus on valuations
arising from admissible and infinitesimal flags constructed in Examples 4.2 and 4.3.
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5.3.1. Admissible flags. Recall that an admissible flag Y, on X is a sequence
Yo Xg=Y02Yi 2 2Ye1 2Ya={z}

such that for every i € {0,...,d}, Y; € X3 is a subvariety of codimension %, smooth
at x. We call x € X5 the center of Y,. Given an admissible flag Y, on X4, we
let vy, € V(X3%) be the valuation of maximal rank constructed in Example 4.2.
For any D = (D, (gy)ves,) € Div(X)gr, we denote by Ay, (D) = AVY. (D) the
arithmetic Okounkov body defined with respect to vy,. For any real number A > 0,
we let Ay C R‘j_ be the standard simplex of size A:

d
A,\:{(O{l,...,&d)GRi| Zalg/\}
=1

We have the following arithmetic analogue of [KL17b, Corollary 3.2].

Corollary 5.7. Assume that X is smooth. Let D = (D, (gy)vesy) € W(X)R be a

semi-positive adelic R-Cartier divisor. Then the following assertions are equivalent:
(1) D is ample;

(2) there exists a real number & > 0 with the following property: for every

admissible flag Yy on Xz, there exists A > 0 such that Ay x {£} C ﬁy. (D);

(8) there exists a real number £ > 0 with the following property: for every closed

point x € X4z, there exists an admissible flag Yo centered at x and a real

number A > 0 such that Ay x {¢} C Ay, (D).

Proof. Assume that D is ample and let Y, be an admissible flag on X. By [PS21,
Theorem 3.7], there exists A > 0 such that Ay C Ay, (D) := A, (D). By Corollary
5.6, £ := infaen,, (D) Gﬁw. () > 0. Then Ay x {¢} C Ay. (D) by definition of
Ay, (D). This shows that (1) = (2). The implication (2) = (3) is trivial, so let us
prove (3) = (1). Assuming (3), we first observe that D is ample by [PS21, Theorem
1.1], and moreover Caps(D) > € > 0 by Theorem 5.1. Therefore D is ample by the
arithmetic Nakai-Moishezon theorem (Theorem 2.10). O

5.3.2. Infinitesimal flags. Let x € X3 be a smooth closed point and let X — X%
be the blow-up of X at x, with exceptional divisor E. Recall that an infinitesimal

flag over x is an admissible flag on X
Yo: X=Y2V12 2V 12Yy

such that Y; is an (d — i)-dimensional linear subspace of F = Y ~ IP’%_ ! for every
i € {1,...,d}. Given an infinitesimal flag over = € Xz, we let vy € V(X5)

be the valuation of maximal rank constructed in Example 4.3. For any D =
(D, (gv)vesy) € Div(X)r, we denote by Ay (D) = A, (D) be the arithmetic
Okounkov body defined with respect to vy, - Recall that for A > 0, A;\l C R4
denotes the inverted standard simplex of size A:

A;l ={(a1,...,aq) eRi a1 <A as+ - +ag <o}

The following corollary is an arithmetic analogue of [KL17a, Theorem B|.

Corollary 5.8. Assume that X is smooth and let D = (D, (gy)vesy) € ]SR/(X)R
be a semi-positive adelic R-Cartier divisor. The following assertions are equivalent:

(1) D is ample;
(2) there exists a real number X > 0 such that Ay' x {\} C Ag, (D) for every

infinitesimal flag Y. on Xes
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(3) there exists a real number X > 0 such that for every closed point v € X,
there exists an infinitesimal flag Yo over x with AT x {A} C 337. (D).

(4) there exists a real number & > 0 with the following property: for every
infinitesimal flag Y. on X7, there exists a real number X > 0 such that
Ay' x{¢} € Ay, (D);

(5) there exists a real number € > 0 with the following property: for every closed
point © € X3z, there exists an infinitesimal flag Y. over x and a real number
A > 0 such that A" x {€} € Ay (D).

Proof. We first prove (1) = (2). Assume that D is ample. By Lemma 4.6 and
Corollary 5.6, there exists a real number A’ > 0 such that inf G55, > X’ for any
valuation of maximal rank v € V(X4). For any closed point z € Xf, we denote
by e(D,x) the Seshadri constant of D at = (see [PS21, § 2.3]). Since D is ample,
we have

e(D) := inf €(D,z) >0

QZEX?
by Seshadri’s criterion for ampleness [Laz04, Theorem 1.4.13]. Let A be a positive
real number with A < min{e(D), \'}, and let Y, be an infinitesimal flag on X7=. By
[PS21, Theorem 1.2 (2)], we have A} ' C Ay (D) := A, (D). Since G, () > A

for every o € Ag (D), we have AP x {A} C 3)7. (D). The implications (2) =
(3) = (5) and (2) = (4) = (5) are trivial, and the implication (5) = (1) follows
from [PS21, Theorem 1.1] and Theorem 5.1 as in the proof of Corollary 5.8. U

We end this section by comparing our results with the characterizations of arith-
metic positivity of toric metrized divisors established by Burgos Gil, Moriwaki,
Philippon and Sombra in [BGMPS16].

Remark 5.9. Let D = (D, (g,)vesy ) € Div(X)g, and assume that the pair (X, D)
is toric in the sense of [BGMPS16, Definition 4.12]. Let 65: Ap — R be the roof
function introduced in [BGMPS16, Definition 4.17]. By [BC11, § 4.4], we can choose
an admissible flag Y, on X such that Ay, (D) = Ap and G5y, = 5. Corollary
5.6 gives the equivalence

D is ample <= D is ample, D is semi-positive and inAf f5(a) >0,
aEAp

which permits to recover [BGMPS16, Theorem 2 (1)] thanks to the characteriza-
tions of geometric ampleness and semi-positivity provided by [BGMPS16, Propo-
sitions 4.7 and 4.19]. Similarly, Corollary 5.3 can be considered as a generalization
of [BGMPS16, Theorem 2 (2)]. In order to fully generalize [BGMPS16, Theorem
2] to the non-toric case, it would remain to characterize semi-positivity of adelic R-
Cartier divisors through convex analysis, in analogy with [BGMPS16, Proposition
4.19).

6. APPLICATIONS

The goal of this section is to prove Theorems 1.5 and 1.6. We shall deduce both
of these statements from Corollary 5.3 and from Boucksom and Chen’s Theorem
4.7 relating arithmetic volumes and heights to the arithmetic concave transform.

6.1. A converse to the arithmetic Hilbert-Samuel theorem. The following
statement is equivalent to Theorem 1.5 in the introduction (see Remark 6.2 below).

Corollary 6.1. Let D = (D,(gy)vesy) € ]SE(X)R be semi-positive, and let
v € V(X3%) be a be a valuation of maximal rank. If D is big, then the follow-
ing conditions are equivalent:
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(1) ?\isfnef;
(2) vol(D) = h(X);

Proof. We have (1) = (2) by Theorem 2.8. If @(ﬁ) = h(X), then

/ max{0,Gp , }dpurs = / max{t, G5 , }dpga
Au(D) ’ Ay(D) ’

for any real number ¢ < 0 by Theorem 4.7. Therefore g« ({a € A, (D) | G5, (a) <
0}) = 0. By upper semi-continuity of Gp,,» we infer that Gﬁ’y(a) > 0 for any
a € A, (D). Therefore D is nef by Corollary 5.3. d

Remark 6.2. Corollary 6.1 is equivalent to Theorem 1.5. Indeed, for any D =
(D, (gy)vex, ) € Div(X)g such that D is big and for any N € Div(X)g, we have
—~ — B%X,nD+N)
vollD) = I = a1
by [CM19, Corollary 6.4.10].

Remark 6.3. The assumption that D is big cannot be removed in Corollary 6.1.
To see this, assume that K is a number field and consider the adelic Cartier divisor
D = (0,(&,)vesny) given by &, = —2 if v is archimedean, and &, = 0 otherwise.
Then D is semi-positive, and we have \70\1(5) = hy(X) = 0. However, BB(:C) =-1
for every closed point x € X7, and therefore D is not nef.

6.2. Generic nets of small points and subvarieties. We now turn to the proof
of Theorem 1.6 (see Theorem 6.6 below). Let us first recall the definition of generic
nets of subvarieties.

Definition 6.4. We say that a net (Y;,),,e(z,-) of subvarieties of X4 is generic if
for every Zariski-closed subset H ¢ X, there exists my € Z such that Y,,, ¢ H for
every m = mg-.

Given an adelic R-Cartier divisor D € ]SE(X )r on X, the essential minimum of
D is defined as

wss(D) = su inf  hs(z),
Cess(D) ZQ}??%X?\Z 5(T)

where the supremum is over all the proper Zariski-closed subsets Z of X7. We
have the following variant of Zhang’s Theorem on minima [Zha95a, Theorem 5.2].

Theorem 6.5. Let D = (D, (gy)vesy) € [/)FI(X)R. If D is big and D is semi-
positive, then

Cess (E) Z /}\lﬁ(X) Z Cabs (ﬁ)

Proof. For the first inequality, see [Bal2la, Theorem 1.5]. The second one is an
immediate consequence of Corollary 2.9. O

The following theorem gives criteria for equalities to hold in Theorem 6.5. By
Corollary 2.9, it implies Theorem 1.6.

Theorem 6.6. Let D = (D, (gy)ves,) € ]SR/(X)R be semi-positive, with D big.
The following conditions are equivalent:

(1) Cabs@) :/]\Iﬁ(X);

(2) CeSS(D) = hE(X),

(3) there exists a generic net of points (pm)m i Xz such that

lim oy (prn) = hp (X);
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(4) there exists a generic net of subvarieties (Y, )m in Xg such that
lim iy (Vi) = Gans(D)-

Proof. Let v € V(X3 ) be a valuation of maximal rank centered at a regular point
of X7. By Corollary 6.1 and [Bal21a, Proposition 7.1], we have

(6.1) Cabs(D) = aeiAan(D) Gﬁ,u(a) and (ess(D) = aerga}((D) Gp, (@)

By Boucksom—Chen’s Theorem 4.7, we have

1

= max{t, G5 , tdjira
a5, (D)) /MD) 1 OB, e

for any real number ¢ < Caps(D). In view of (6.1), it follows that
Cess(D) = h5(X) & G, is constant < Cans(D) = hs(X),

that is, (1) < (2).

The equivalence (2) < (3) is [BGPRLS19, Proposition 2.8]. If (3) holds, then by
the above Caps(D) = EE(X), and therefore (4) holds (for the net (Y,)m = (Pm)m)-
All that remains is to prove the implication (4) = (1). Assume that there exists a
generic net of subvarieties (Y;,)me(z,») in Xz such that

lim 5 (Yin) = Gans (D),

and let € > 0 be a real number. By [Bal2la, Theorem 1.2], there exist an integer
n > 1 and a non-zero global section s € I'(X,nD)* such that

histe) = 3 e sl < ~0(Gon(D) ~ ) < ~nlfip(X) - )

Since the net (Y3,,)me(z,») is generic, there exists mg € Z such that div(s) intersects
Yo, properly, degp(Yp,,) > 0, and

(6.2) Cabs(D) + € > hi5(Vimy).

Let r = dimY,,,. Then we have

(6.3)  (r+ 1)h(Ymy) — rhp(div(s) - Ym,)

where the penultimate inequality follows from the Bézout formula [BGMPSI6,

(3.13) page 225]. On the other hand, we have Eﬁ(div(s) “Yimo) = Cans(D) by
Lemma 2.9. Combining (6.2) and (6.3), we have

Cabs(D) + (d + 1) > (7 + 1)(Cabs(D) + €) — 7Cabs(D) > h5(X) — ¢,

and we conclude that (1) holds by letting ¢ tend to zero. O
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